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Abstract. Artificial molecules, namely laterally coupled quantum dots with a three-dimensional spherical
confinement potential well of radius R and depth V0 , were studied by the unrestricted Hartree-Fock-
Roothaan (UHFR) method. By varying the distance d between the centers of the two coupled quantum
dots, the transition from the strong coupling situation to the weak one is realized. Hund’s rule, suitable
for a single quantum dot is destroyed in certain conditions in the artificial molecule. For example, in the
few-electron system of the strongly coupled quantum-dot molecule, a transformation of spin configuration
has been found.

PACS. 73.23.Hk Coulomb blockade; single-electron tunneling – 73.40.Gk Tunneling – 73.50.-h Electronic
transport phenomena in thin films

Recent advances in nano-technologies have made it feasi-
ble to fabricate zero-dimensional structures called quan-
tum dots(QDs) [1,2]. As quantum dots reveal atomic prop-
erties such as discrete energy levels and shell structures,
they are often referred to as artificial atoms [3–5]. In con-
trast to natural atoms, the number of excess electrons N
embedded in these QDs are tunable. Therefore, these sys-
tems are ideal to study few-electron interaction effects,
such as the shell effect [3] as a function of the QD radius
and transformations in the ground-state spin configura-
tion as a function of an external magnetic field [4]. Re-
cently, quantum dots have been the subject of extensive
experimental [5–8] and theoretical investigations [9–12].

Considering single quantum dots to now represent well
understood systems [3-5], some more complex systems
have been studied and it is conceivable and likely that
these studies will be of use in future applications [8,13,14].
There have been extensive experimental studies about
transport properties in multiple-dot systems [15,16], also
known as artificial quantum-dot molecules (QDM) [14,17].
The advantages of QDM are the tunability of both the
electron number and the coupling strength by appropriate
design. The latter allows the investigation of transforma-
tions of electron spin configurations. A simple example of
artificial molecules is analogous to a two-atom molecule,
consisting of two coupled quantum dots side by side in
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a plane or on top of each other (lateral [16–18] or verti-
cal [19–21] quantum-dot molecules, respectively). The in-
creased interest in coupled quantum dots is indicated by
the growing number of papers on this topic [13–21]. Exper-
imentally, Austing et al. have measured addition spectra
of vertical QDM in different coupling regimes [20]. Waugh
et al. have studied the Coulomb blockade effects in lateral
QDM [16] and found a conductance pattern similar to
that of single quantum dots for strong coupling systems,
whereas the weakly coupled systems showed a pair struc-
ture of conductance peaks. Theoretically, Rontani et al.
have applied the exact diagonalization technique [18] and
Andreas et al. have used the spin-density function theory
(SDFT) to study coupled quantum dots [17]. Quantum-
dot molecules with a harmonic confinement potential have
also been studied by Yakimenko et al. [22] and Yannouleas
et al. [23], and some valuable results have been obtained.

In this paper, we have investigated the excess elec-
tron ground-state filling structure of two laterally coupled
(identical) quantum dots with a finite three-dimensional
confinement potential using the unrestricted Hartree-
Fock-Roothaan (UHFR) method. This method has been
previously used to calculate the ground-state energy of
single quantum dots [10–12], and in this case we applied
it to the artificial molecule with a potential well of finite
depth. We consider a system of excess electrons, which
are confined in two laterally coupled spherical semicon-
ductor QDs embedded in a matrix, as shown in the in-
set of Figure 1. The potential profile for this quantum-
dot molecule is given by the following: the potential-well
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Fig. 1. Energy E of the ground state corresponding to the
artificial double-dot molecule for V0 = 25HD as function of
double quantum dot center distance d for excess electron filling
number N = 1 − 17. The radius of each single quantum dot is
1.0RD. The donor Hartree HD is the unit of energy, and the
donor Bohr radius RD is the unit of distance. The upper inset
on the right is the ground-state energy vs. d for excess electron
numbers N = 16, 17. The lower inset on the right is the two-
dimensional schematic of a double quantum-dot molecule with
a source of electrons S.

region inside the QD and the potential-barrier region in
the surrounding matrix. The effective-mass Hamiltonian
of N excess electrons confined in the double quantum-dot
molecule has the form

H =
N∑

i=1

h (ri) +
1

4πεε0

N∑
i=1

N∑
j>i

1
rij
, (1)

here, ri is the position vector of ith electron, rij is the
electron-electron distance, h(r) = −(~2/2m∗)∇2 + V (r)
is the one-electron Hamiltonian with the confinement po-
tential

V (r) =
{−V0

0
if |r|< R or |r−d|< R

otherwise.
(2)

The origin of coordinates is in the center of the left quan-
tum dot, the direction of vector d is from the center of the
left quantum dot to that of the right one, and |d| = d is the
center distance of two quantum dots, reflecting the cou-
pling strength of QDM. V0 > 0 represents the conduction-
band discontinuity at the quantum well/barrier interface.
The conduction-band minimum of the barrier material is
set to zero and taken as a reference energy level. We ne-
glect the change of effective mass and dielectric constant
at the well/barrier interface.

The schrödinger equation for the N -electron system
has been solved using the UHFR method. The N -electron
wave function was taken as a single Slater determinant
constructed from the one-electron spinorbitals of QDM

ϕi(ηj) = ψµs(rj)χs(σj). (3)

Here, i, j = 1, · · · , N , η = (r, σ), σ is the spin variable.
Normally, in the Slater determinant, the artificial molec-
ular orbital is a linear combination of single quantum-dot

orbitals which are usually the spherical Bessel functions.
However in order to solve expediently the many-center
problem of electrons in the QDM, the spatial wave func-
tions ψµs of one-electron spinorbitals of QDM have been
expanded into the Gaussian variational basis as follows:

ψµs (x, y, z)=
∑

lkmknkk

Cµs
lkmknkξx

lkymkznk exp
(−ξlmnkr

2
k

)
,

(4)

where coefficients Cµs
lkmknkξ and exponential factors ξlmnk

are the variational parameters, and rk is the distance be-
tween an electron and the center of the kth quantum dot.
This method is the famous Gauss basis simplification in
quantum chemistry. Using the appropriate combinations
of parameters (lmnk), we can construct the quantum-
dot molecule orbitals. The nonlinear parameters ξlmnk

(lk +mk +nk 6 2, k = 1, 2) account for the electron local-
ization in the kth spherical quantum dot, and were deter-
mined by optimizing the ground-state energy to the mini-
mum values in the single quantum dot. However, the linear
variational parameters Cµs

lkmknkξ for all the occupied spin
molecular orbitals were re-selected by the self-consistent
iterative diagonalization of the UHFR equations in the
whole artificial molecule system.

Throughout the present paper, the following units
are used: the donor Hartree HD = (meHy)/(me0ε

2
s)

is the energy unit, and the donor Bohr radius RD =
(me0/me)εsaD is the length unit (where the hydrogen
Hartree Hy = 27.2107 eV, the hydrogen Bohr radius
aD = 0.0529 nm, εs is the static dielectric constant, me is
the electron conduction-band mass, and me0 is the free-
electron rest mass). We neglect the difference in the di-
electric constants of the quantum dot and matrix. For
InAs/GaAs or AlGaAs/GaAs quantum dots, it is a rea-
sonable approximation.

One of the important results obtained using the UHFR
method is that, with the decrease in interdot distance d,
the largest number of electrons filled in the two laterally
coupled quantum dots is less than that filled in the un-
couple case. According to our calculation results [10] and
that of other authors [11,12], a spherical quantum dot
with radius R = 1.0RD and V0 = 25HD can contain at
most 10 electrons, and therefore, it was estimated that the
double quantum-dot molecule could contain up to 20 elec-
trons. In order to study the characteristics of excess elec-
tron filling with the change of coupling strength between
the two QDs, The radius of the quantum dots was fixed
and the variation of the ground-state energy of the arti-
ficial molecule with the distance d between the centers of
two quantum dots was examined. The results are shown in
Figure 1. TheN -electron system confined in the QDM can
form a bound state if the condition of binding EN < EN−1

is fulfilled, where EN and EN−1 are the ground-state en-
ergies of the artificial molecule consisting of N and N − 1
excess electrons. With the increase of excess filling electron
number N from 1 to 17, the ground-state energies of elec-
trons in the QDM are shown by the curves 1–17, respec-
tively. From Figure 1 it can be seen that, for N = 1 − 16,
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Fig. 2. Chemical potential of an N-electron artificial QDM as
a function of the quantum-dot center distance d. All param-
eters of the molecule are the same as those used in Figure 1.
The black circle dots on the right of the figure are the corre-
sponding chemical potentials of a single quantum dot under
the same conditions.

the artificial molecule is stable. However, in the case of
N = 17, when the center distance of the two quantum
dots is approximately less than 3.0RD, the ground-state
energy of the molecule is larger than that for N = 16. The
subsequent addition of excess electrons is difficult. So, for
excess electron number N = 17, a stable state of the sys-
tem is unattainable for small values of d. In the strong
coupling situation the greatest number of excess electrons
filled in the two coupled quantum dots is sixteen.

The characteristic behavior associated with excess
electron shell filling is also visible if we calculate the
chemical potentials for the artificial molecules. The chem-
ical potential of N -electron system is defined as µN =
EN − EN−1, where |µN | represents the amount of energy
released when this N-electron artificial molecule is created,
and whereEN is the ground-state energy of theN -electron
QDM. The N -electron artificial molecule is stable if the
corresponding chemical potential is negative. The differ-
ence ∆E = µN+1 − µN , a quantity of experimental in-
terest, represents the addition energy [4,11,12], which is
the external energy required to add an excess electron to
the N -electron artificial molecule system. ∆E is larger
than the first excitation energy of the N -electron system,
and is characteristic of excess electron filling. According to
the normal electron filling rule for a single quantum dot,
we calculated the chemical potentials of the double-dot
molecule, and the results are shown in Figure 2. It can be
seen that, in the weak coupling region, d ranges from ap-
proximately 2.5RD to 6.5RD. With the increase of excess
electron numbers N , from N = 5 to 4 and from N = 17 to
16, the significant decrease of the chemical potential cor-
responds to the full electron filling of the first and the sec-
ond shells, respectively. That is to say that there are four
electrons in the first shell, twelve electrons in the second
shell and the last one electron is added to the third shell.
Also, from N = 11 to 10, the small decrease of µN cor-
responds to the electron half-filling of the second shell.

Fig. 3. Chemical potential of electrons in the second shell of
the QDM as a function of the center distance d of two quan-
tum dots. All parameters of the QDM are the same as those
of Figure 2. The sign ∆ indicates the position of the spin con-
figuration transformation.

On the other hand, the chemical potential curves display
obvious pair form, which has been observed experimen-
tally [16]. With the increase of d, the pair structure of
the chemical potential curves in the molecule disappears
gradually and spin close degenerate states appear. In the
strongly coupled situation, that is where d was a value
in the range of approximately 2.0RD to 2.5RD, even if
the electron filling shows a shell structure, the half-filling
of shells disappears, and the distribution of the chemical
potential curves is irregular. Obviously, this is due to the
strong electron interaction between the two quantum dots.

The important difference between artificial molecules
and natural molecules is that, for an artificial molecule,
as the shells are filled, it appears as if each single artifi-
cial atom is filled in turn. In the weak coupling situation,
the first two filled electrons are polarized, which is oppo-
site to the case of the unpolarized hydrogen molecule. The
reason for this may be due to the essentially different phys-
ical properties between the confinement potential of the
artificial atom and coulomb attractive potential of natu-
ral atom nucleus. In the artificial molecule, when coupling
between the two QDs of the QDM, the first two electrons
prefer to locate in different dots in order to maximize the
system stabilities, and their spin is parallel.

The results shown in Figure 2 are based on Hund’s
rule, The breakdown of Hund’s rule has not been con-
sidered, but in fact, in the strongly coupled situation,
Hund’s role governing the electron spin configuration is
destroyed. Our results show, commencing with the second
shell, when the center distance between the two quan-
tum dots is less than certain values, the electron spin
configurations of the molecule do not exactly obey the
normal Hund’s rule. In Figure 3, the detailed calculation
results of the chemical potentials for the excess electrons of
the second shell are presented. In generating the chemical
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Fig. 4. The ground-state energy E for excess electron filling
number N = 6 in the QDM vs. the distance d of double quan-
tum dot centers. Two curves correspond to the two different
electron spin configurations indicated. The parameters of the
QDM are the same as those of Figure 1.

potential values for the center distances of the quantum
dots considered, the electrons have been added while en-
suring that the ground-state energy of the spin configura-
tion has a minimum value. In the strong coupling region,
Hund’s rule has been destroyed due to composite influ-
ence of a) the strong interdot electron interaction, b) the
small spacing between discrete energy levels arising from
the confining potential, and c) the electron exchange inter-
action, as shown in Figure 3. We use ∆E to represent the
energy reduction due to the exchange interaction between
electrons with parallel spins. The ground-state energy of
the artificial molecule can be lowered by ∆E if the elec-
trons of the second shell have parallel spins with different
angular momenta rather than anti-parallel spins with the
same angular momentum. However, in the strong coupling
case, when the energy difference of two electrons with par-
allel spins and different angular momenta in the molecule
is larger than their exchange energy, the above exchang-
ing effect is negated. In this case, the two electrons tend
to place themselves at the lowest energy with antiparallel
spins and the same angular momentum. In Figure 4, the
ground-state energy of the molecule consisting of six ex-
cess electrons is shown. At the crossing point of the two
curves, the transformation of the electron spin configura-
tion occurs in order to obtain the most stable, few-electron
artificial molecule system.

The transformation of the spin configuration is depen-
dent on the number of the electrons and the center dis-
tance of two quantum dots. In Figure 5, we show the dis-
tance of the two quantum dots at the point where the
electron spin configuration is changed, as a function of
the number of electrons. From Figure 5, it is clear that
the transformation of spin configuration is not pronounced
when the shell is half-filled, such as in the case of excess
electron number N = 9, 12 and 13. Where the shell is fully
filled, there is no spin configuration transformation.
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Fig. 5. The center distance d of the two quantum dots of the
QDM, where spin configuration transformation occurs, as a
function of the number of excess filling electrons, where d is the
distance between the two quantum dot centers. All parameters
of the QDM are the same as those of Figure 1.

In conclusion, our results may be summarized as fol-
lows. Hund’s rule applies when the interaction-induced ex-
change energy is larger than the splitting of the energy
levels in the left and right dot, since the latter decays
exponentially and the former only algebraically with in-
creasing d. So it is clear that Hund’s rule applies for large
d but does not hold when d becomes small. On the other
hand, the situation in artificial molecules is very different
from that in natural molecules. In the weak coupling sit-
uation, it seems certain that the electronic filling pattern
of the double-dot artificial molecule is best represented by
alternate electron filling into the two different single quan-
tum dots. As a result of the electron interaction between
the quantum dots, the chemical potential of each single
quantum dot splits into two in the molecule and the excess
electron fillings follows Hund’s rule, the chemical potential
curves display pair form, and finally evolve to a narrow,
nearly degenerate state, which indicates that, in the very
weakly coupled molecules, the interdot electron interac-
tion is negligible. In the case of strong coupling, we have
discovered the transformation of electron spin configura-
tion, and while the shell structure is retained, the sub-shell
structure disappears. It should be noted that, in Figure 3,
at a certain d values, there exists sudden variations in the
chemical potential curves. It is natural to consider the oc-
currence of a spin configuration transformation at these
points, but in fact, according to our calculation results,
the spin configuration transition occur elsewhere. In this
case, the effect of the distance d of the two quantum dots
is similar to that of the radius R in single quantum dot,
and of course this effect will require further study.
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